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m A simplex A in RY is a full-dimensional convex hull of d + 1
points vy, ...,vg 1 (in RY).
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m A simplex A in RY is a full-dimensional convex hull of d + 1
points v1,...,vg 1 (in RY). Throughout we will focus on
lattice simplices.

m If 0 € A then the dual of A is given by

N ={xeRY|xy' <1forallyecA}.
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m A simplex A in RY is a full-dimensional convex hull of d + 1
points v1,...,vg 1 (in RY). Throughout we will focus on
lattice simplices.

m If 0 € A then the dual of A is given by

N ={xeRY|xy' <1forallyecA}.
m The fundamental parallelepiped of A is

d+1
mAy:{EZNmﬂ)
i=1
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m A simplex A in RY is a full-dimensional convex hull of d + 1
points v1,...,vg 1 (in RY). Throughout we will focus on
lattice simplices.

m If 0 € A then the dual of A is given by

N ={xeRY|xy' <1forallyecA}.
m The fundamental parallelepiped of A is

d+1
n(Aa) = {Z Ai(vi, 1)
i=1

= (Batyrev and Hofscheier):

0§A,-<1} C R,

/\(A) = {)\ = ()\1, ‘e 7)\d+1)

d+1
> Xi(vi 1) € N(A) N Zd“} .

i=1
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m A(A)
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(Q/Z)?**
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m A(A) < (Q/Z)4* with addition

()\la cee 7)‘d+1)+()‘?la ceey :j—‘,—l) = ({)‘1_{')‘&}’ ERRR) {)‘d+1+>‘:j+l})v

where {«} denotes the fractional part of a number.
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hi =#{peNA)NZI | pyq =i}

Department of Mathematics University of Kentucky

Laplacian Simplices II: A Coding Theoretic Approach


http://www.ms.uky.edu/~tpl222

(Ehrhart) Theory of simplices

(Ehrhart) Theory of simplices

m A(A) < (Q/Z)4* with addition

()\la cee 7)‘d+1)+()‘?la ceey :j—‘,—l) = ({)‘1_{')‘&}’ ERRR) {)‘d+1+>‘:j+l})v

where {«} denotes the fractional part of a number.
m The h*-vector of A is h*(A) = (ho, hy,. .., hg) where

hi =#{p e MN(A)NZT |pgyy =i}
=#{rena)| Sy =i}

Department of Mathematics University of Kentucky

Laplacian Simplices Il: A Coding Theoretic Approach


http://www.ms.uky.edu/~tpl222

(Ehrhart) Theory of simplices

(Ehrhart) Theory of simplices

m A(A) < (Q/Z)4* with addition

()\la cee 7)‘d+1)+()‘?la ceey :j—‘,—l) = ({)‘1_{')‘&}’ ERRR) {)‘d+1+>‘:j+l})v

where {«} denotes the fractional part of a number.
m The h*-vector of A is h*(A) = (ho, hy,. .., hg) where

hi =#{p e N(A)NZ* |pyq =i}
=#{rena)| Sy =i}

m If h*(A) is symmetric then A is called reflexive.
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its Laplacian matrix and 7(G) the number of spanning trees.

Department of Mathematics University of Kentucky

Laplacian Simplices II: A Coding Theoretic Approach


http://www.ms.uky.edu/~tpl222

Laplacian simplices

Laplacian simplices
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m Denote Lg(n) the matrix obtained from Lg with the nt"
column removed and [Lg(n) | 1] the matrix Lg(n) with a
coulumn of ones appended.

Department of Mathematics University of Kentucky

Laplacian Simplices II: A Coding Theoretic Approach


http://www.ms.uky.edu/~tpl222

Laplacian simplices

Laplacian simplices

m Let G be a simple connected graph with n vertices. Denote Lg
its Laplacian matrix and 7(G) the number of spanning trees.

m Denote Lg(n) the matrix obtained from Lg with the nt"
column removed and [Lg(n) | 1] the matrix Lg(n) with a
coulumn of ones appended.

Definition (Braun/Meyer, 2017)

The convex hull of the rows of Lg(n), denoted Ag, is called the
Laplacian simplex associated to G.
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m Denote Lg(n) the matrix obtained from Lg with the nt"
column removed and [Lg(n) | 1] the matrix Lg(n) with a
coulumn of ones appended.

Definition (Braun/Meyer, 2017)

The convex hull of the rows of Lg(n), denoted Ag, is called the
Laplacian simplex associated to G.

m The convex hulls of the rows of the Laplacian after removing
any column are unimodularly equivalent.
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Laplacian simplices

m Let G be a simple connected graph with n vertices. Denote Lg
its Laplacian matrix and 7(G) the number of spanning trees.

m Denote Lg(n) the matrix obtained from Lg with the nt"
column removed and [Lg(n) | 1] the matrix Lg(n) with a
coulumn of ones appended.

Definition (Braun/Meyer, 2017)

The convex hull of the rows of Lg(n), denoted Ag, is called the
Laplacian simplex associated to G.

m The convex hulls of the rows of the Laplacian after removing
any column are unimodularly equivalent.

m Vol(Ag) = n-7(G).
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Theorem (Meyer/P, 2018)

Let G be a simple connected graph on n vertices such that Ag is
reflexive. Then

ANAg) = {% ‘i € kerz, [L(n) | 1]}.
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m (Braun/Meyer, 2017) Trees, odd cycles, and complete graphs
yield reflexive Laplacian simplices.
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m (Braun/Meyer, 2017) Trees, odd cycles, and complete graphs
yield reflexive Laplacian simplices.

To whisker a graph G means to attach an edge and vertex to each
existing vertex in G.
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m (Braun/Meyer, 2017) Trees, odd cycles, and complete graphs
yield reflexive Laplacian simplices.

Definition

To whisker a graph G means to attach an edge and vertex to each
existing vertex in G. To star a graph G means to attach an
additional vertex with every vertex in G.
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m (Braun/Meyer, 2017) Trees, odd cycles, and complete graphs
yield reflexive Laplacian simplices.

Definition

To whisker a graph G means to attach an edge and vertex to each
existing vertex in G. To star a graph G means to attach an
additional vertex with every vertex in G.

Theorem (Meyer /P, 2018)

Let G:=W*(K,) be the whiskered K, with stared whiskers. Then
A is reflexive.
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m (Braun/Meyer, 2017) Trees, odd cycles, and complete graphs
yield reflexive Laplacian simplices.

Definition

To whisker a graph G means to attach an edge and vertex to each
existing vertex in G. To star a graph G means to attach an
additional vertex with every vertex in G.

Theorem (Meyer /P, 2018)

Let G:=W*(K,) be the whiskered K, with stared whiskers. Then
A is reflexive.

m Note: V(W*(K,)) =2n+1
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Families of reflexive simplices

m (Braun/Meyer, 2017) Trees, odd cycles, and complete graphs
yield reflexive Laplacian simplices.

Definition

To whisker a graph G means to attach an edge and vertex to each
existing vertex in G. To star a graph G means to attach an
additional vertex with every vertex in G.

Theorem (Meyer /P, 2018)

Let G:=W*(K,) be the whiskered K, with stared whiskers. Then
A is reflexive.

m Note: VOW*(K,)) =2n+ 1, 7(W*(K»)) = (2n+ 1)1,
VoI(AW*(Kn)) = (2/7 + 1)”
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Duality

m Recall the finite abelian group A(Ag).

m Let A be a finite abelian group and let B be a subgroup.
Denote A := Hom(A, Q/Z) the Pontryagin dual of A.
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m Recall the finite abelian group A(Ag).

m Let A be a finite abelian group and let B be a subgroup.
Denote A := Hom(A, Q/Z) the Pontryagin dual of A. Denote

B°={x € A|x(b)=1forall be B}.
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Reflexive Laplacian simplices

Duality

m Recall the finite abelian group A(Ag).

m Let A be a finite abelian group and let B be a subgroup.
Denote A := Hom(A, Q/Z) the Pontryagin dual of A. Denote

B°={x € A|x(b)=1forall be B}.

Theorem (Meyer/P, 2018)

Let G be a simple connected graph with n vertices such that the
associated A¢ is reflexive. Then

N(Ag)') = MNAg).
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Let G be the graph K3 with a 7-edge path as a tail. Then

h*(Ag) = (1,3,3,5,3,5,3,3,1).

Department of Mathematics University of Kentucky

Laplacian Simplices II: A Coding Theoretic Approach


http://www.ms.uky.edu/~tpl222

Future research

Future research I: Unimodality

Let G be the graph K3 with a 7-edge path as a tail. Then

h*(Ag) = (1,3,3,5,3,5,3,3,1).

Open Problem

Classify reflexive Laplacian simplices with unimodal h*-vector.
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Theorem (Meyer/P, 2018)

Let T, and K, denote any tree on n vertices and complete graph

respectively. Then
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Theorem (Meyer/P, 2018)

Let T, and K, denote any tree on n vertices and complete graph
respectively. Then

MAk,)” = NAT,).

Open Problem

Find pairs of graphs (on n vertices) (G, H) such that
NAG)° = NAy).
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Future research |I: Duality

Theorem (Meyer/P, 2018)

Let T, and K, denote any tree on n vertices and complete graph
respectively. Then

MAk,)” = NAT,).

Open Problem

Find pairs of graphs (on n vertices) (G, H) such that
NAG)° = NAy).

m Note: A necessary condition is 7(G)-7(H) = n"2.
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h*(Ag) := Z hix™iyt
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Future research

Future research Ill: h*-vector of the dual

Let A¢ be reflexive. Denote

h*(Ag) := Z hix™iyt

Open Problem

Is there any relation between h*(Ag) and h*((AG)V)?
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Future research

Future research Ill: h*-vector of the dual

Let A¢ be reflexive. Denote

h*(Ag) := Z hix™iyt

Open Problem

Is there any relation between h*(Ag) and h*((AG)V)?

m Motivation: MacWilliams Duality and MacWilliams Identity.
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Future resear

Thank You!
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