
An Asymmetric MacWilliams Identity for
Quantum Stabilizer Codes

Tefjol Pllaha

School of Electrical Engineering
Aalto University

July 13, 2019
SIAM Conference on Algebraic Geometry

Bern, Switzerland



Quantum Codes

An ((n,K )) quantum code is a K dimensional subspace Q of
(C2)⊗n ∼= C2n .

Let P denote the orthogonal projection onto Q.

Pauli Matrices:

I2, σx =

(
0 1
1 0

)
, σz =

(
1 0
0 −1

)
, σy = iσxσz .

Put |0〉 = (1, 0)T, |1〉 = (0, 1)T. Then

σx |0〉 = |1〉, σx |1〉 = |0〉,
σz |0〉 = |0〉, σz |1〉 = −|1〉.

Error Group:

Pn = 〈e1 ⊗ · · · ⊗ en | ei ∈ {I2, σx , σy , σz}〉
= {iλ(σa1x σ

b1
z )⊗ · · · ⊗ (σanx σ

bn
z ) | λ = 0, 1, 2, 3; ai , bi ∈ F2}

= {iλX (a)Z (b) | λ = 0, 1, 2, 3; (a, b) ∈ F2n
2 }.
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Shor-Laflamme Weight Enumerators

Metric: The weight of an error e ∈ Pn is

wt(e) = #{i | ei 6= I2}.

Shor-Laflamme weight enumerators:

ASL
i =

1

K 2

∑
e∈Pn

wt(e)=i

Tr(e†P)Tr(eP), A(X ,Y ) =
n∑

i=1

ASL
i X n−iY i .

BSL
i =

1

K

∑
e∈Pn

wt(e)=i

Tr(e†PeP), B(X ,Y ) =
n∑

i=1

BSL
i X n−iY i .

MacWilliams Identity:

A(X ,Y ) =
1

K
B

(
X + (22 − 1)Y

2
,
X − Y

2

)
.
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Stabilizer Codes

On F2n
2 , consider the symplectic bilinear form

〈 (a, b) | (a′, b′) 〉s := b · a′ + a · b′.

A self-orthogonal (with respect to 〈 • | • 〉s) subspace C ≤ F2n
2

is called stabilizer code.

Metric:
wt(a, b) = #{i | ai 6= 0 or bi 6= 0}.

One-to-one correspondence between stabilizer codes and
quantum stabilizer codes:

[2n, k] stabilizer code ⇐⇒ ((n, 2n−k)) quantum stabilizer code

Weight enumerators:

Ai = #{(a, b) ∈ C | wt(a, b) = i},
Bi = #{(a, b) ∈ C⊥ | wt(a, b) = i}.
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Shor-Laflamme Weight Enumerators: Explained

Tr(e†P)Tr(eP) =

{
22(n−k), if e ∈ C ,

0, if e /∈ C ,

implies Ai = ASL
i .

Tr(e†PeP) =

{
2n−k , if e ∈ C⊥,

0, if e /∈ C⊥,

implies Bi = BSL
i .
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Asymmetric Version

(Some) Physicists claim that phase errors are more likely than
flip errors.

For x = (a, b) ∈ F2n
2 denote

wtX(x) := wtH(a) and wtZ(x) := wtH(b).

The asymmetric weight enumerator of C is defined as

AWEC (U1,V1,U2,V2) :=
n∑

i ,j=1

Ai ,jU
n−i
1 V i

1U
n−j
2 V j

2 ,

where

Ai ,j = #{x ∈ C | wtX(x) = i and wtZ(x) = j}.

Similarly, one puts AWEC⊥ with

Bi ,j = #{x ∈ C⊥ | wtX(x) = i and wtZ(x) = j}.
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Asymmetric Version

Theorem:

AWEC (U1,V1,U2,V2) =
1

|C⊥|
AWEC⊥(U1+V1,U1−V1,U2+V2,U2−V2).

Complete Weight Enumerator: For x = (a, b) ∈ F2n
2 and

for c ∈ F2
2 define

wtc(x) := #{i | (ai , bi ) = c}.

CWEC(U(0,0),U(1,0),U(1,1),U(0,1)) :=
∑
x∈C

∏
c∈F2

2

U
wtc (x)
c .
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Thank You!


