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Notations

Let Iy, be a finite field with g elements.

If f(x) = 75" fix' + x™ € Fp[x] is an irreducible monic
polynomial and a € Fy is a root of f(x) then Fy = Fp[a], and we
have an isomorphism

[ay

X = x,-aiEIFq»—>x:(x0,x1,...,xm_1)EIFZ’.
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Order [Fy[c] lexicographically and define the bijection
QSZ,B;EIFq—)e,'EFg

that sends the ith element of [F; to the jth standard basis vector e;
of IF;’.



Defining the codes in questions

Let C be an [n, k], code. Let Mc be the n x gk matrix where its
columns are the codewords of C ordered lexicographically.

Let He be the ng x gX matrix where each entry 8 of Me is
replaced with the (column) vector ¢(3)".

We will discuss the codes Cy = null(H¢) and their duals

Cj = rs(He) introduced by Haymaker and McMillon.
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What do we do?

Question: What is their dimension and their distance?

Trivial bound: dim(Cy) > q* — (nq — (n — 1))

Distance bounds from folklore:

(a) Let C be an [n, k, d]q code. Then,
d(Cs) > [(n—1)/(d —1)] +2.

(b) Let C be an [n, 2] code. Then H¢ satisfies the row-column
constraint and thus d(Cy) > n+ 1.



Improved dimension bound

Theorem [Hussain, P., 26] Let ¢ = 2" and let C be an [n, k]q
code. Then

dim(Cs) > ¢ — [ng — (n— 1) — (n— K)m].
Proof: It would suffice to show that
rank(He) < ng—[(n—1)+ (n— k)m]. (1)

We will show this by explicitly constructing (n — 1) + (n — k)m
linearly independent vectors in the space

null(Hg ) = {x € F39 | xHc = 0}



Proof continued

For the monic polynomial f(x) = Z,’-:()l fix' 4+ x™, consider the
companion matrix A , which is the matrix representation of
multiplication by « in Fg, namely, ¢(ax) = ¥(x)A for all x € F,.
We will make use of the following field isomorphism:

m—1 m—1
XX = xio! € Fy 2 Fpla] — Zx,-Ai c FplA] C F*™.
i=0 i=0

(2)
Additionally, let F = [w(ﬂ)T |BEF,] € F;an and
F = diag(F,F,...,F).
Main insights: (a) rank(;}(Hc)l/—'\) = m(n — k),
(b) (X(He)F) He = 0.



The special case of C = [y

Theorem [Hussain, P., 26] Let C = Fj. Then Cy is an
[",q" — ng+ (n—1),4], code.

Remark (a) This generalizes a result of Haymaker-McMillon for
C =T

(b) This case attains the previous lower bound.

(c) It appears that, if dim(C) > k/2, then the previous lower
bound is also attained.



On the dual code C(j

Let C = null(H). Then C; = rs(Hc)

A typical dual codeword looks like dy = xH¢ € Cé, x € F.
Define functions h; : F; — F», 8 + x; 3. With this notation, for
c € C we have

de(c) = hi(c),
i=1

and furthermore, we can compute the weight of dy as

— (=1)9()
wt(dy) = Z 1- ()™
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On the weight of dual codewords

Denote Aj = {8 € Fq | hi(8) = 1} and a; = |A;].
Theorem [Hussain, P., 26] Let C = rs(G) be an [n, k] code and
consider Cy. For dy = xHc € rs(He) = Cé, we have

wi(dy) = "; {1 - > (=2 NT] :

TC[n]

where rr = rank(Gt) and N7 = |77 (C) N ([[;c7 Al -q7"".



Two special cases

Corollary Let S ={i € [n] | a; > 0}. If rank(Gs) = |S| then

wt(dx):qzk [1—1—[(1—2("9")] .

i€S

Theorem [Hussain, P., 26] Let C be an [n, k], Reed-Solomon
code and let dy € rs(He) = Cé. Then

Bect i=1

Kk n
Wt(dx) = % |:]. — Z Hﬁ,(ﬂ,)] .



More on duality (CSS & CSS-T codes)

Theorem [Hussain, P., 26] Let C be an [n, k > 2]am non
degenerate code. Then Cé C Cy.

Theorem [Hussain, P., 26] Let C = rs(G) be an [n, k > 3]om
code, and assume that any three columns of G are linearly
independent. Then Hc is triorthogonal (wt(x xy x z) is even for
any three rows).



Future research

(1) Prove that the for k > n/2 the improved lower bound is
attained.

(2) Compute the weight enumerator of Cdf if C is a Reed-Solomon
code, with the ultimate goal of understanding the distance of Cy.
(3) The resulting CSS and CSS-T codes have high rate but (really)
low distance. Can anything be modified and obtain higher
distance?
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